Abstract. Let F be a totally real number field and let f be a classical p-regular Hilbert modular eigenform over F of parallel weight 1. Let x be the point in the p-adic Hilbert eigenvariety E corresponding to a p-stabilization of f . We show that if the p-adic Schanuel Conjecture is true, then E is smooth at x if f has CM. If we additionally assume that F/Q is Galois, we show that the weight map isétale at x if f has either CM or exotic projective image. We prove these results by showing that the completed local ring of the eigenvariety at x is isomorphic to a universal nearly ordinary Galois deformation ring. We show how our results relate to the uniqueness, up to Galois conjugacy, of the nearly ordinary Hida family passing through a p-stabilization of f and to the classicality of the generalized overconvergent eigenspace relative to a p-stabilization of f .
Introduction
Let p be prime number, F ⊆ Q be a totally real number field of degree d over Q with ring of integers O F , and n be an ideal of O F coprime to p.
We will denote by E the p-adic Hilbert eigenvariety of tame level n constructed by Andreatta, Iovita and Pilloni in [AIP16] , parameterizing the system of Hecke eigenvalues of overconvergent cuspidal Hilbert modular eigenforms over F of tame level n and finite slope. It is constructed using the Hecke operators T ℓ for ℓ ∤ np and U ℓ for ℓ | p. Recall that there exists a morphism w = (k, v) : E → W called the weight map, where W is the rigid space over Q p representing morphisms
Recall also that locally on E and W, the morphism w is finite, open and surjective, though it is not necessarily flat. The p-adic eigenvariety E is reduced and equidimensional of dimension d + 1.
Let C denote the p-adic eigencurve constructed by Kisin and Lai in [KL05] , parameterizing the system of Hecke eigenvalues of overconvergent cuspidal Hilbert modular eigenforms over F of tame level n, finite slope, and parallel weight. One can see C as the closed subvariety of E defined by the equation on the weight v = 0. Indeed, if we let W v=0 be the rigid space over Q p representing the continuous morphisms Z × p → G m , then the restriction of the weight map w to C ⊂ E gives rise to a locally finite flat surjective map k : C → W v=0 . Note that, the eigencurve constructed by Kisin and Lai also includes (points corresponding to) Hilbert Eisenstein series but we will only focus on its cuspidal part.
Let f be a classical cuspidal Hilbert modular eigenform over F of tame level n. A p-stabilization of f with finite slope defines a point x on E. A well-known result of Hida ([Hid86] if F = Q, [Hid89a] in general) asserts that w isétale at x if f is p-ordinary and all of its weights have the same parity and are at least 2. The classicality criterion of overconvergent forms of Bijakowski, Pilloni and Stroh implies that w isétale at x if f is p-regular and satisfies a small slope condition; see [Bij16] and [PS12, Thm. 1.1]. However, their results do not apply in the parallel weight 1 case.
From now on, we assume that f is a cuspidal Hilbert modular eigenform over F of parallel weight 1, tame level n and nebentypus χ f , and let x be the point of E corresponding to a pstabilization of f with finite slope. As f has parallel weight, the point x also lies on C. Our aim is to study the geometry of E and C at x. When f is a newform of tame level n, we are also interested in the geometry of the full padic eigenvariety E full at the point x full corresponding to a p-stabilization of f with finite slope.
Recall that E full parameterizes overconvergent cuspidal Hilbert modular eigenforms over F of tame level n and that it is constructed using the Hecke operators T ℓ for ℓ ∤ np and U ℓ for ℓ | np.
There is a locally finite surjective morphism E full → E. Our interest in the geometry of E full at x full arises from the question of determining whether there is a unique, up to Galois conjugacy, p-adic nearly ordinary Hida family specializing to a given p-stabilization of f . This question is connected to E full by the following geometric reformulation of it: the uniqueness of such a p-adic family is a consequence of the smoothness of E full at x full (see §8).
When F = Q, Cho and Vatsal (when the adjoint representation attached to f is p-regular)
and Bellaïche and Dimitrov (when only f is p-regular) have characterized those f for which w iś etale at x; see [CV03] and [BD16] . Before recalling the previous results in the Hilbert modular case and stating the results of this paper, we give some definitions first. Fix an embedding ι p : Q ֒→ Q p and let G F denote the absolute Galois group of F . To introduce the definition of p-regular, recall that there exists a continuous, totally odd Galois representation
such that for all primes q ∤ n we have that
where Frob q denotes an arithmetic Frobenius at q and a(q, f ) is the T q -eigenvalue of f (see [RT83] , [Car86] , [Wil88] , and [Tay89] ).
Definition 1.1. For any prime p|p of O F at which ̺ f is unramified, let α p and β p be the roots of the polynomial
For any prime p|p of O F at which ̺ f is ramified, let α p and β p be the roots of the polynomial X 2 − a(p, f )X, where a(p, f ) is the U p -eigenvalue of the newform underlying f . We say that f
Let G denote the projective image of ̺ f . It is well known that one of the following three possibilities occurs:
(D) G is the (nonabelian) dihedral group D r with 2r elements, where r ≥ 3. In this case,
where K/F is a degree two extension and χ is a finite order character of G K . Note that in this case, K is the unique such quadratic extension of F .
(E) G is exotic, that is, G is isomorphic to A 4 , S 4 , or A 5 . Here, A r (resp. S r ) denote the alternating (resp. symmetric) group on r letters.
We say that x is dihedral (resp. exotic) if the corresponding G is non-abelian dihedral (resp. exotic). We say that x is a CM point if it is dihedral and K/F is a totally complex extension. Betina [Bet] and Deo [Deo18] have obtained results regarding the smoothness of E at x and thé etaleness of w at x in case that x is p-regular and dihedral. These results depend either on the splitting behavior of the primes of F above p in the extension K/F or on the size of the degree
To the best of our knowledge, no other work has been done on this topic. In particular, no results about the geometry of E at an exotic point are known so far.
The main contribution of this paper is to proveétaleness of the weight map at an exotic or CM classical point of parallel weight 1 when F is Galois over Q and prove the smoothness of E at a classical CM point of parallel weight 1. More precisely, the main two theorems of this article, which are conditional on the p-adic Schanuel Conjecture (which will be recalled in §3) are the following.
Theorem A. Let f be a classical cuspidal Hilbert modular eigenform over F of tame level n and parallel weight 1. Let x be the point of E corresponding to a p-stabilization of f with finite slope. Suppose that F/Q is Galois and that the p-adic Schanuel Conjecture is true. If x is p-regular and either exotic or CM, then the weight map w : E → W isétale at x.
In particular, the above theorem ensures that, under the same hypotheses, the eigenvariety E is smooth at x and that the weight map w : C → W v=0 isétale at x. Without assuming the hypothesis that F/Q is Galois, we can still show smoothness of E in the CM case.
Theorem B. Let f be a classical cuspidal Hilbert modular eigenform over F of tame level n and parallel weight 1. Let x be the point of E corresponding to a p-stabilization of f with finite slope.
Suppose that x is p-regular and CM.
(i) Let K be the unique quadratic extension of F such that ̺ f ≃ Ind (ii) If the p-adic Schanuel Conjecture is true, then E is smooth at x.
Note that the previous results of [Bet] and [Deo18] in the CM case were under some hypotheses on either the splitting behavior of the primes of F above p or the degree d. We remove all those hypotheses to prove the smoothness at CM points and replace them by the relatively mild hypothesis that F be Galois over Q to prove theétaleness of the weight map at CM points. The hypothesis that the p-adic Schanuel conjecture is true is also present in the results of [Deo18] in the CM cases.
We now give an outline of the proofs of Theorems A and B. Let T and Λ denote respectively the completed local rings of E and W at x and w(x). Let m be the maximal ideal of Λ and let T ′ 0 = T /mT be the algebra of the fiber of w at x. Note that T ′ 0 is an artinian ring, since w is a locally finite morphism, while the ring T has Krull dimension d + 1 as E is equidimensional of dimension d + 1. Let t T (resp. t T ′ 0 ) denote the tangent space of T (resp. T ′ 0 ). Thus, proving that:
i) E is smooth at x is equivalent to showing that the tangent space t T has dimension d + 1. ii) w isétale at x is equivalent to showing that the tangent space t T ′ 0 is zero.
To compute these dimensions, one relates the rings T and T ′ 0 to the universal rings R and R ′ 0 representing the nearly ordinary deformation functor D and the functor of ordinary deformations with constant determinant D ′ 0 , respectively. These functors, which will be introduced in §2, are representable precisely because of the p-regularity hypothesis. In §4 and §5, we show that the dimensions of the tangent spaces t D ′ 0 and t D are 0 and d + 1, respectively.
For this computation of dimensions, we first follow the strategy of [BD16] to get a description of the elements of the tangent space but it turns out to be insufficient for the conclusion we want.
We first treat the case of Theorem A. In this case, we study a certain non-torsion Z-submodule of maximal rank of the group of units of the Galois closure of the field cut out by the adjoint representation of ̺ f and use the techniques of [BD16] , along with the description of elements of t D ′ 0 , to find a matrix X such that an element of t D ′ 0 corresponds to an element in the kernel of X. We then prove using the p-adic Schanuel conjecture that X is invertible which implies that t D ′ 0 = 0. In the case of Theorem B, we again use the description of an element of t D to find an explicit basis of t D . This process needs Leopoldt's conjecture in the first case of Theorem B. While in the second case, we need a certain matrix (which we build using certain algebraic units) to be invertible for this process. For proving that the matrix is invertible, we use the p-adic Schanuel conjecture. This is the main technical part of the article.
The proofs of the main theorems are then completed in §6 using standard arguments. While proving the main theorems, we end up showing that R We now describe two applications of our results. Recall that we denoted the Nebentypus
) the eigenspace (resp. generalized eigenspace) attached to f inside the space of classical (resp. overconvergent) cuspidal Hilbert modular forms of parallel weight 1, level m, and Nebentypus χ f .
Theorem C. Assume the same hypotheses as in Theorem A. Then
To conclude the paper, by comparing the local rings of E and E full at x and x full respectively, we will deduce the uniqueness of the Galois orbit of the nearly ordinary Hida families passing through a p-stabilization of f of finite slope. Notation conventions. To ease notations, with no further description, by p we will always mean a prime ideal of O F . Throughout the article, f will denote a p-regular cuspidal Hilbert modular eigenform over F of parallel weight 1, tame level n and nebentypus χ f . By x, we will refer to the point of E corresponding to a p-stabilization of f with finite slope. 
Deformation functors and their tangent spaces
In this section we will define the nearly ordinary deformation functor D, the ordinary deformation functor D 0 , and their constant determinant counterparts D ′ and D ′ 0 . We will also give cohomological characterizations of their tangent spaces.
2.1. Deformation functors. Before proceeding further, let us describe the choice of a basis
p , which we will use to regard the projective image
If G is a nonabelian dihedral group, recall first that there exists a unique quadratic extension K/F such that ̺ f ≃ Ind F K χ for some character χ of G K . Fix a lift σ of the nontrivial element of Gal(K/F ) in G F and let χ σ be the character χ(σ • (·) • σ −1 ). We then choose (v 1 , v 2 ) so that in this basis we have:
ii) The projective image of
Note that these two conditions imply that under the basis (
We fix this choice of basis throughout the article unless mentioned otherwise.
For each p|p, choose an embedding ι(p) : Q ֒→ Q p such that the diagram
O O is commutative. Note that these embeddings might be different than the embedding ι p fixed in the introduction. There exists a unique prime p 0 of F dividing p for which we can choose ι(p 0 )
to be ι p and we make this choice. Let D p (resp. I p ) denote the decomposition (resp. inertia) group at p. The choice of the embedding ι(p) provides an identification of G Fp with D p which is a subgroup of G F . We will now use this identification for the rest of the article for restricting representations of G F to G Fp .
Letf be a p-stabilization of f with finite slope and let x be the point on E corresponding to it. Recall that, for any p|p of O F , there exists a basis (v 1,p , v 2,p ) of Q 2 p such that v i,p ∈ Qv 1 ⊕ Qv 2 for i = 1, 2 and under this basis 
and ̺ R is nearly ordinary at p. Recall that we say that ̺ R is nearly ordinary at p if for every p|p we have
2.2. Tangent spaces. We will recall cohomological descriptions of the respective tangent spaces
of the functors of Definition 2.1.
. Let ad 0 ̺ f be the subrepresentation of ad ̺ f on the subspace of End(V ) of trace zero endomorphisms.
where ǫ K is the nontrivial character corresponding to the quadratic extension K/F . Note that since we are assuming that G is nonabelian, we have that
For every p|p, by (2) we have an isomorphism
Consider the maps 
p|p (cp, * ,dp, * )
Let H be the normal closure over Q of the subfield of Q fixed by the kernel of ad ̺ f . Denote
by O H the ring of integers of H and by G the Galois group Gal(H/F ). We aim now at a description of the tangent spaces of the above lemma involving H, which will be more amenable for computation. For this, observe that the inflation-restriction exact sequence applied to the extension H/F yields the following isomorphism:
where we view Hom(G H , Q p ) ⊗ ad ̺ f as the space of matrices
equipped with an action of G given by
We can view Hom(G H , Q p ) ⊗ ad 0 ̺ f in a similar way.
Now let P := P(p) be the prime of H rendering the following diagram
Let I P ⊆ D P be the inertia subgroup at P. 
,dp, * )
Note that, we have the exact sequence of
coming from global class field theory. The first map is dual to the Artin reciprocity map, and the second is the restriction with respect to the diagonal inclusion
× . We will consider now the inclusion
coming from the first part of (8) (we will exploit the second part of (8) in the next section). Let
is commutative for some prime P of H which is one of the primes chosen in diagram (7) and some h P . As we have chosen ι(p) to be ι p for a suitable prime p in diagram (1), it follows that one of the h i 's can be chosen to be the identity. We make this choice and assume without loss of generality that h 1 is identity.
Remark 2.2. When we want to emphasize that one of the primes P = P(p) chosen above p is relative to the embedding h i , we will sometimes write P(h i ).
where 
given by sending a homomorphism of the form
for some c i,g ∈ Q p , to the element
Using the discussion so far, we obtain the following consequence of Lemma 2.3.
Corollary 2.5. There exist matrices M 1 , . . . , M d ∈ GL 2 (Q) such that i) Any t ∈ t D ′ can be written in the form
can be written in the form
From Lemma 2.4 and the exact sequence (8) of Q p [G] modules, it follows that the invariance by G means that
. 
Proposition 2] for more details).
Remark 2.3. As explained in [Deo18, p. 3898-3900], in case that G is dihedral, under the basis (v 1 , v 2 ) that we have fixed, we get an isomorphism
which is given by
Note also that if subspace of π on which τ i acts by −1 (resp. +1).
Remark 2.4. Note that if G is exotic, then for every 1 ≤ i ≤ d we have
If we are in the CM case (that is, G is dihedral and K/F is totally complex), then none of the τ i belongs to G K . Thus we have
Proposition 2.6. We have an isomorphism of Q p [G]-modules:
where π runs over the irreducible representations of G, and
The above proposition will follow immediately from the exact sequence (8) coming from class field theory, Lemma 2.4 and the following lemma. This lemma is a consequence of Minkowski's proof of Dirichlet's unit theorem (see [BD16, (7) ], [Bet, p.13] , and [Deo18, p.12]), and describes the rightmost term of (8).
Lemma 2.7. We have an isomorphism of Q p [G]-modules:
where
p-adic transcendence conjectures
In order to prove Theorems A and B, we need to assume the p-adic Schanuel conjecture. In this section, we recall this conjecture and compare it with other related results. As in the previous section, let log p : Q × p → Q p be the standard p-adic logarithm sending p to 0.
Conjecture 3.1 (p-adic Schanuel). Let α 1 , . . . , α n ∈ Q × be nonzero algebraic numbers. If
transcendence degree n over Q.
As shown in [Nel] , the p-adic Schanuel conjecture may be seen a strengthening of Leopoldt's conjecture. Remark 3.1. Note that if the Leopoldt's Conjecture is true then the last arrow of (8) is surjective, and thus in Proposition 2.6, we have that
We will also use the well-known Baker-Brumer Theorem.
Theorem 3.3 (Baker-Brumer). Let α 1 , . . . , α n ∈ Q × be nonzero algebraic numbers. If the padic logarithms log p (ι p α 1 ), . . . , log p (ι p α n ) are linearly independent over Q, then they are linearly independent over Q.
Dimension of t D ′

0
The goal of this section is to prove that t D ′ 0 is trivial under the hypotheses of Theorem A, which we assume throughout. Recall from §2.2 that h 1 , . . . , h d ∈ Gal(H/Q) are certain fixed lifts of the d embeddings of F into H, and that τ 1 , . . . , τ d ∈ Gal(H/F ) are the complex conjugations associated to h 1 , . . . , h d . Note that as ̺ f is a totally odd representation, H/Q is a totally complex extension. Therefore
The following result can be easily deduced from [Nar04, Thm. 3.26]) and its proof, and may be regarded as a refinement of Lemma 2.7. We will use it to obtain a nontorsion Z-submodule of O × H of maximal rank which will be crucial for our purposes. 
is the only nonzero algebraic relation involving elements of {ḡη} g∈S .
Consider the Z-module
Lemma 4.2. V i is stable under the action of G.
Proof. Note that the assumption that F/Q is Galois implies that G is normal in Gal(H/Q).
Therefore for every g ∈ G, we have
where g ′ ∈ G is such that gh
As τ 1 η = η, we see that given aḡ ∈ S, there exists ā g ′′ ∈ S such that g ′ḡ η =ḡ ′′ η. This proves the lemma.
Note that if we give a new action of G on Ind 
It is also plain from the definition of V i that if
Note that, given h i and h j , there exists a unique h k satisfying the condition h i h
Choose any elementḡ 0 in S. LetŜ be S \ {ḡ 0 }, so that it has cardinality |S| − 1 = [H :
We will later require the following result, whose proof is immediate from Lemma 4.1. Lemma 4.3. We have that:
Denote by K i the kernel of the map
which is obtained by restriction with respect to the diagonal inclusion
There is no reason to expect that K i ≃ K i,Q ⊗ Q Q p , and in fact we have the following result.
Lemma 4.4. For i = 1, . . . , d, we have that
Proof. The proof is an adaptation of that of [BD16, Thm. 3.5]. As explained in loc. cit., we have a biequivariant structural morphism
By the Baker-Brumer theorem (see Theorem 3.3), the map
is injective. Therefore K i,Q coincides with the kernel of (15). But it is a standard fact in the theory of representations of finite groups that, for any right
, where the sum runs over the π that do not appear in V . To conclude the proof of the lemma use (13).
Recall that by Corollary 2.5, any element t ∈ t D ′ 0 can be written in the form would be of dimension at most 2. But this is a contradiction with the fact that ad 0 (̺ f ) is irreducible of dimension 3. Now suppose we are in the dihedral case. In this case, if β i is trivial, then the shape of the ̺ f (g), for g ∈ G F , under the basis (v 1 , v 2 ) chosen implies that the element (16) is diagonal (note that, in this basis, conjugation by ̺ f (σ) swaps the antidiagonal entries). But this is clearly not true which implies that β i = 0 in this case as well.
Indeed, recall that for any Q[G]-modules V and W , we have an isomorphism
given by sending an element w ⊗ f , with f ∈ V * and w ∈ W , to the homomorphism φ(f ⊗ w), defined by φ(w ⊗ f )(v) = f (v)w for every v ∈ V . From this and using the selfduality of ad 0 ̺ f (resp. Ind that T is isomorphic to a subrepresentation of ad 0 ̺ f (resp. Ind (17) follows from the fact that ad 0 ̺ f (resp. Ind
Running the same argument for α i or γ i (resp. γ i ), allows one to show that
Suppose now that for every u ∈ V i we have that β i (u) = 0, that is, that β i ∈ K i,Q . It is immediate from (18) that then also β i , γ i ∈ K i,Q (resp. γ i ∈ K i,Q ). Therefore we have a nontrivial element
But Lemma 4.4, Remark 2.4, and Schur's lemma imply that
which is a contradiction.
Note that there are β i,g ∈ Q such that
Let u j ∈ V j be as in Proposition 4.5 and define the matrix Proof. Note first that, as h 1 is the identity, by (14) and part i) of Lemma 4.3 the diagonal terms of X can be written in the form
for some β i,ḡ ∈ Q. Similarly, if i = j, we have that
where β i,j,ḡ ∈ Q and h i h 
ḡ∈Ŝ n l,ḡ = d and n l,ḡ = 0 for some l = 1 and someḡ ∈Ŝ. So, the first linear combination is a homogenous Q-polynomial in {log p (η 1,ḡ )}ḡ ∈Ŝ of degree d while the sum of their powers occurring in each term of the second linear combination is strictly less than d. Thus det(X) is a nonzero polynomial in {log p (ι p (η l,ḡ ))} 1≤l≤d,ḡ∈Ŝ with coefficients in Q. From part ii) of Lemma 4.3, we know that {η l,ḡ } 1≤l≤d,ḡ∈Ŝ is a set of algebraic units which are linearly independent over Z. So if the p-adic Schanuel conjecture is true, then we get that {log p (ι p (η l,ḡ ))} 1≤l≤d,ḡ∈Ŝ is a set of elements of Q p which are algebraically independent over Q.
Therefore, we can now conclude that det(X) is nonzero if the p-adic Schanuel conjecture is true.
Dimension of t D ′
The goal of this section is to prove that dim Q p t D ′ ≤ d under the hypotheses of Theorem B, which we assume throughout. In particular, we have a decomposition ad
Recall that, we have chosen a lift σ of the nontrivial element of Gal(K/F ) in G F . By abuse of notation, we will also denote its image in Gal(H/Q) by σ. Let C denote Gal(H/K), and note that σ ∈ G \ C.
We now define a partition {1, . . . , d} = I 1 ∪I 2 ∪I 3 in the following manner. Recall the notation P(h i ) from Remark 2.2. We set i ∈ I 1 if the prime p of F lying below P(h i ) is split in K and such that χ σ | GF p = ψ ′′ p and we set i ∈ I 2 if the prime p of F lying below P(h i ) is split in K and such that χ| GF p = ψ ′′ p , where ψ ′′ p is as in (2). Finally, we define I 3 to be the subset of indices i for which the prime p of F lying below P(h i ) is inert or ramified in K. Given homogeneous linear
and a i , b i ∈ Q p . We will write
We now show that the description given in Corollary 2.5 of the space t D ′ can be refined in the present dihedral case. 
such that for every a, b ∈ Q p , there exist x, y ∈ Q p such that
.
ii) If we let W and V be the spaces defined in (21) and (23), relative to this choice of the
Proof. Note that the existence and the uniqueness of the H i 's follow from the specific shape of the matrices
We will accomplish the goal of this section by showing that dim Q p V = d. We begin by treating the simplest case in the following lemma.
Lemma 5.2. If I 1 = I 2 = ∅ and the Leopoldt's conjecture is true for H, then dim Q p V = d.
Proof. As
where C i is as in (22) and the H i (X, Y )'s are the polynomials found in Lemma 5.1. By Remark 2.4 and Lemma 2.7, taking the ǫ K -isotypical component of each term of the exact sequence (8) tensored with ad 0 ̺ f yields an isomorphism 
the anti-diagonal entries of C i determine its diagonal entries uniquely (see Lemma 5.1). Hence, it follows that if I 1 = I 2 = ∅ and the Leopoldt's conjecture is true for H, then dim
Now for the rest of this section, assume that I 1 ∪I 2 = ∅ and that the p-adic Schanuel conjecture is true. Let V 1 be the subspace of elements of V for which the matrices A i , B i , and C i are diagonal.
, where
Proof. Note that t j ∈ W . Recall that we have fixed a basis (v 1 , v 2 ) of Q 2 p such that ̺ f (c) is diagonal for every c ∈ C. This implies that t j = t ♯ j , where t ♯ j is the diagonal component of t j as defined in Remark 2.3. Therefore, t j ∈ Hom((O H ⊗Z p ) × , Q p )⊗ǫ K G , and the isomorphism (24), seen in the proof of Lemma 5.2, then shows that
Provided that the t j are linearly independent, it only remains to show that dim Q p V 1 ≤ |I 1 | + |I 2 |. Let W 1 be the subspace of W made of elements for which the matrices A i , B i , and C i are diagonal. If a matrix C i is diagonal, then it must be the zero matrix. Hence, we have that W 1 has dimension |I 1 | + |I 2 |. Now the fact that V 1 is contained in W 1 concludes the proof.
Our goal now is to define a subspace V 2 ⊆ V such that V 1 ⊕ V 2 = V and such that dim Q p V 2 = |I 3 |. To this aim, we will require the next lemma. Let us introduce the following notation. For i ∈ {1, . . . , d}, define
We use the notation Res 
Then, the matrix
Proof. We have that
where the first equality is Frobenius reciprocity and the second follows from Remark 2.4 and Lemma 2.7. This proves the first part of the lemma. The fact that A is invertible is a consequence of the p-adic Schanuel Conjecture, and its proof has appeared in [Deo18] . We will give a sketch of the argument here and refer the reader to 
. As a consequence, we see that det(A ′ ) = 0. However, as K is totally complex, we see that, for every 1
Hence, it follows that if δ(i) = 1, then Lemma 5.5. Let θ ∈ {0, 1} and fix j ∈ I 3 . The following are equivalent:
ii) The element
Proof. Recall that, we have fixed a basis (
and the projective image of ̺ f (σ) is 0 1 1 0 ∈ PGL 2 (Q). This gives us the shape oft j which
Therefore, by (8), it follows that Corollary 5.6. For every j ∈ I 3 , there exist b i,j ∈ Q p for i ∈ {1, . . . , d} such that the elements
Proof. For every j ∈ I 3 , let (b i,j ) 1≤i≤d be a solution of (25) with θ = 1, which exists because A is invertible. It is clear that the corresponding t j ∈ W . Note that the antidiagonal component t ♭ j of t j is precisely the elementt j defined in Lemma 5.5. Therefore, t
Proposition 5.7. The elements (t j ) j∈{1,...,d} constitute a basis for V . In other words, if we let V 2 denote the linear span of (t j ) j∈I3 , then
Proof. Since the elements t j are linearly independent, we only need to check that they generate V . Let t be any element in V . By subtracting suitable multiples of the elements t j from t, we obtain an element t ′ which in the expression of (21) is given by matrices of the form
Then Lemma 5.5 implies that the vector (b i ) 1≤j≤d is a solution to (25) with θ = 0. But the fact that A is invertible (which follows from Lemma 5.4 (ii)) implies that (t ′ ) ♯ = 0. Since the polynomials H i (X, Y ) are homogeneous, it follows that t ′ = 0, and we get that t is a linear combination of the t j .
6. R = T and Proof of Theorems A and B:Étaleness and smoothness
As explained in §1, in order to prove Theorem A (resp. Theorem B), we need to show that Hence, we obtain an injection
] is the generalized eigenspace attached to f inside the space of overconvergent cuspidal Hilbert modular forms of parallel weight 1. The injection  is defined by taking the pullback along s of the global sections of the determinant of the conormal sheaf of the universal Hilbert bluementhal semi-abelian variety on X rig 0 (p) (the universal semi-abelian scheme depends on the choice of a toroidal compactification).
By using arguments similar to those already used in [DLR15, §1.1] and Hida duality for Hilbert cusp forms, we obtain the following isomorphism
Hence, Theorem C now follows from Theorem A (i.e from the ismorphism T ′ 0 ≃Q p ).
Proof of Theorem D: The full eigenvariety
Let E full be the p-adic eigenvariety over W of tame level n constructed using the Hecke operators T ℓ for ℓ ∤ np and U ℓ for ℓ | np. Using the known relations between Hecke operators and the fact that the diamond operators at all ℓ ∤ np belong to O W (W), one sees that T n ∈ O E full (E full ) for all n 1. It is endowed with a locally finite surjective morphism E full → E. This surjective map yields, by composition with the 2-dimensional pseudo-character T : G F → O E (E) obtained by Andreatta, Iovita, and Pilloni ([AIP16, Theorem 5.1]), a 2-dimensional pseudo-character
There is a natural bijection between E full (Q p ) and the set of overconvergent cuspidal Hilbert modular eigenforms with finite slope, tame level n and weight in W(Q p ), which sends g to the system of eigenvalues {(T ℓ (g)) ℓ∤np , (U ℓ (g)) ℓ|np }.
Let f be a classical cuspidal Hilbert modular newform over F of tame level n and parallel weight 1 as in §1, and let x full ∈ E full (resp. x ∈ E) be the point corresponding to a given p-stabilization of f with finite slope. Note that, x full lies on the nearly ordinary locus of E full . By the construction of the eigenvariety, the nearly ordinary locus of E full is isomorphic to the rigid analytic space attached to the maximal spectrum of the generic fiber of the p-nearly ordinary cuspidal Hecke algebra of tame level n constructed by Hida [Hid89b] . Hence, up to Galois conjugacy, the nearly ordinary Hida families specializing to that p-stabilization correspond to the irreducible components of E full containing the point x full .
Note that there is a unique irreducible component of E full containing the point x full if and only if the completed local ring T full of E full at x full is an integral domain. The aim of this section is to show that T full is an integral domain. We will achieve this by showing that T full ≃ T and by using that T is an integral domain if E is smooth at x. The natural morphism E full → E yields an injective homomorphism T → T full and hence a continuous representation
such that Tr(̺ T full )(Frob ℓ ) = T ℓ for all ℓ ∤ np. Moreover ̺ T full is nearly ordinary at every prime above p and its reduction modulo its maximal ideal m full f is isomorphic to ̺ f . Denote by M the free T full -module of rank 2 on which ̺ T full acts. For a prime ℓ|n, denote by a ℓ (f ), the U ℓ -eigenvalue of f . (ii) The natural injection T ֒→ T full is an isomorphism.
Proof. (i) Let G ℓ be a decomposition of G F at the place ℓ of F and I ℓ ⊂ G ℓ be the inertia group at ℓ. Since f is a cuspidal Hilbert modular eigenform of parallel weight 1, ̺ f | G ℓ can not be of Steinberg type, and hence the local-global compatibility of Langlands correspondence is known for f (see [Jar97] , [Oht84] and [RT83] ). Note that the image of ̺ T full (I ℓ ) is infinite if and only if the Hida family passing through f is Steinberg at ℓ, and it is equivalent to the fact that the monodromy operator N F of the Weil-Deligne representation attached to (̺ T full ) | GF ℓ is of rank 1 (see [BC09, Proposition 7.8.14]).
However, any Steinberg representation is isomorphic to a non trivial extension of ψ(1) by ψ, where ψ : G ℓ →Q × p is a character. Thus, there is no Steinberg representation having specialization in weight one because ̺ f has a finite image. Hence, (̺ T full ) | G ℓ is not Steinberg which means that N F is trivial. Then [BC09, Proposition 7.8.14] yields that ̺ T full (I ℓ ) is finite.
Assume that the U ℓ -eigenvalue a ℓ (f ) = 0. Since ̺ f has a finite image, the local global compatibility of Langlands correspondences implies that (̺ f ) | G ℓ is the sum of two characters φ ′ ⊕ φ ′′ , where φ ′ is unramified and φ ′ (Frob ℓ ) = a ℓ (f ), and φ ′′ is ramified since f is new at ℓ (see [Jar97, (ii) As we have either obtained a description of U ℓ in terms of the Galois representation ̺ T full or proved that U ℓ = 0, we can directly mimic the arguments used in the proof of [BD16, Theorem 7 .2] to prove that T ֒→ T full is an isomorphism.
